The Basel Committee of Banking Supervision has used value-at-risk as a measure of market risk in the trading book for two decades in several accords. After the global financial crisis of 2008-2009 value-at-risk was criticised on the grounds that as a measure of risk is not sub-additive, in the sense that it behaves very erratically when banks or regulators try to aggregate compartmentalised risk across all branches of a large diverse bank. Expected shortfall emerged as a natural alternative of value-at-risk fulfilling all four axioms of a coherent risk measure and belongs to the category of spectral risk measures which are not elicitable unless they reduce to minus the expected value. Another critical issue is that the Basel committee indicates that risk managers should conduct the risk measurement tests based on a dataset which is very small for high confidence levels calculations. In this work we calculate and apply the theoretical tail conditional expectation of the standardised Pearson type IV distribution. This is a coherent measure of risk and assuming it describes appropriately the data generation process it can provide the risk manager with reliable results.
Introduction
Risk is at the core of the business of banking and finance and financial risk management has been a concern of regulators and financial executives for a long time as well. The value-at-risk (VaR) methodology emerged as a distinct concept in the late 1980's with the triggering event of the Black Monday stock market crash of 1987. Letting X be a random variable describing the profit and loss function of a portfolio and a = A% ∈ (0, 1) be a percentage representing a sample of the worst cases, the VaR of the portfolio is given by: 
After the famously called 4:15 report, by J.P. Morgan CEO Dennis Weatherstone in 1989, that combined all firm risks on one page available within 15 minutes of the market close, J.P. Morgan launched RiskMetrics methodology to the market place in 1992 freely available to all markets participants. In the 1997, the US Securities and Exchange Commission (SEC) disclosed quantitative information about the derivatives activity and major banks and dealers to implement the rule by including VaR information in the notes to their financial statements. Basel II (Basle Committee of Banking Supervision, 2004) allowed banks to use internal risk measurements models to calculate the risk-based capital requirement subject to the 99th percentile, one tailed confidence interval, over a holding period of ten trading days. Taking into account that conventional VaR is the 'best of the worst' cases scenario ignoring the risks deep in the tail, which are the least probable but the more catastrophic and the fact that reliance on the symmetric Gaussian distribution systematically underestimates market risk in any portfolio, VaR performed poorly during the 2008-2009 financial crisis. As a response, Basel 2.5 added 'stressed VaR' (sVaR) as one of the four elements in its market risk framework (Basle Committee of Banking Supervision, 2011a) , that is calculate VaR tested at the 99% (a = 0.01) and with a ten day holding period, to a one-year historic dataset that encompasses a continuous 12-month period of significant financial stress. VaR is not sub-additive, meaning that one can easily construct cases with discrete risk probabilities and verify that a portfolio may have larger VaR than the individual assets, violating the concept of diversification and issuing the problem of aggregation of compartmentalised risk in large financial institutions. Although this was noticed early, the works 'thinking coherently' and 'coherent measures of risk' (Artzner et al., 1997; 1999) set for the first time the problem of defining what properties a risk statistic of a portfolio should have to be considered a sensible risk measure. The answer to this question was given via an axiomatic formulation of the concept of coherent measure of risk, "…and it was clear to risk practitioners and researchers that the gap between market practice and theoretical progress had suddenly widened enormously" (Acerbi and Tasche, 2002) . Summarising, Acerbi and Tasche (2002) provided the following properties of a risk measure: Consider a set V of real valued random variables. A function ρ: V → ℜ is called a risk measure if it is, 1 monotonous:
While the risk measure of VaR addresses the question, what is the minimum loss incurred in the A% worst cases in a portfolio, for a coherent measure of risk the question is modified into what is the expected loss incurred in the A% worst cases in a portfolio. If the data generation process is known meaning that the distribution of returns is a continuous function, the answer to the modified question is the tail conditional expectation (TCE),
which is equal to the definition of the expected shortfall (
The TCE is a coherent risk measure only when restricted to continuous distribution functions (Tasche, 2000) , while it may violate sub-additivity on general distributions (Acerbi and Tasche, 2002) or used in historical data calculations. Since the concept of coherence has to be brought down to something measurable, meaningful and elicitable like the VaR, to the risk management and financial engineering world, Acerbi (2002) and Acerbi and Tasche (2002) propose the following practical approach for general distributions: Let a large number n of realisations {X i }, i = 1,…,n of a random variable X. Define the order statistics X 1:n ≤ … ≤ X n:n as the sorted value in increasing order of the n-tuple (X 1 , X 2 , …, X n ) and approximate the number of the A% elements by w = [na] = max{m|m ≤ na, m ∈ N}. The choice of the A% worst cases is then represented by the least w outcomes X 1:n ≤ … ≤ X w:n where a natural estimation for the quantile is 
with the former being sub-additive and the later not, in the case of non-continuous distributions. A more compact expression connecting the ES with the TCE and VaR, useful in numerical computations is given by (Rockafellar and Uryasev, 2002) ,
where
]/a and λ ≥ 1 indicating that in general ES (a) ≥ TCE (a) . The message of the ES reached the Basel Committee on Banking Supervision and an ad hoc working group was formed to review the academic literature relevant to the regulatory framework for the trading book. The results (Basle Committee of Banking Supervision, 2011b) showed the BCBS acknowledged the problems issued with VaR and in the 2012 consultative document for the Basel III (Basle Committee of Banking Supervision, 2012) the Committee was in favour of ES.
In this work we calculate the theoretical TCE for the Pearson type IV distribution and we model four instances of the daily close values of the Standard and Poor's 500 index, the historical dataset from 3 January 1950 to 31 December 2013 consisting of 16,103 observations (SP_hist), the dataset 2 January 2008 to 31 December 2013 consisting of 1,511 observations including the global financial crisis (SP_2008), the last three years 3 January 2011 to 31 December 2013 consisting of 754 observations (SP_2011) and the last year of data from 2 January 2013 to 31 December 2013 consisting of 252 observations (SP_2013). We present all the aforementioned measures of risk and we conclude that the theoretical TCE might provide a coherent reasonable measure of risk.
Econometric methodology

The data
We consider observations from the historical daily close value of the Standard and Poor's 500 index (^GSPC) from finance.yahoo.com which is publically available and the returns are defined via the successive logarithmic differences of the close price multiplied by 100 as r t = ln(P t /P t -1 ) × 100, so that risk measures translate directly to percentage.
The model
We use the AR(1)-GJR-GARCH(1, 1) approach (Bollerslev, 1986; Glosten et al., 1993) where the residuals follow the standardised Pearson type IV distribution, since in a series of papers it has been shown that it performs better than the skewed-t-student distribution especially at high confidence levels (Stavroyiannis et al., 2012 (Stavroyiannis et al., , 2013 Stavroyiannis and Zarangas, 2013; Stavroyiannis, 2014) ,
where t I − is a dummy variable taking the value 0 when ε t ≥ 0 and the value 1 when ε t < 0.
The constraints on the parameters are ω > 0, a + γ 1 > 0, β > 0 and m > 2 so that the variance exists. It is noted that the a coefficient can take negative values too as far as a + γ 1 > 0. For covariance stationary the constraint a + β + kγ 1 < 1 should also be taken into account (Ling and McAleer, 2002) where for symmetric distributions k = 0.5 and for asymmetric distributions k is the expectation value of the probability that the residual is less than the mode of the distribution. The standardised probability density function is given by;
with / ,
m is the kurtosis parameter, v is the skewness parameter and i is the imaginary unit. The log-likelihood of the model is,
The leverage coefficient γ 1 = 1 -I where I is the integral of the probability density function from the mode of the distribution to infinity and the mode is, Stavroyiannis, 2014) . Earlier works with the Pearson type IV distribution using the methods of moments include Brannas and Nordman (2003) and Grigoletto and Lisi (2009) .
Results and discussion
The stylised facts of the time series under consideration are shown in Table 1 . The statistical and dynamic properties of the dataset returns are highly a function of the chosen time span. The kurtosis of the returns and the associated Jarque-Bera statistics present lower values towards the normal distribution as the backward looking horizon is reduced. The ARCH effect has almost disappeared and the Ljung-Box statistics indicate almost no serial correlation in both raw and squared data. The other descriptive statistical data are of interest too. The range of the time series returns, as well as the minimum and maximum values are reduced since the first series incorporates the Black Monday of 1987, the second series the global financial crisis of 2008-2009, the third series the Eurozone sovereign debt crisis and the last one is free of large shocks showing an upward trend with the highest return. However, in financial risk management these statistical properties of the series returns, especially the minimum and the maximum events are of major importance in the calculation of the TCE and ES values for the long and short position and will be associated with the risk-based capital requirement to be reported, if in the end ES replaces VaR in the Basel regulations. The results of the econometric modelling of the time series are shown in Table 2 along with the robust standard error, the persistence a + β + kγ 1 of each series, the value of the k parameter and the value of the log-likelihood estimator. The results indicate that the GARCH error parameter a which is responsible for the reaction of the volatility in market shocks is increased in absolute values, indicating that short series are more sensitive to even small shocks. In support of this, the leverage parameter γ 1 as well as its coefficient k appears to grow, along with the asymmetry parameter. On the other hand, the GARCH lag parameter β which measures the persistence in the conditional volatility is relaxed in the short series indicating that the system will not take long to return to the unconditional volatility after a small shock. The tail parameter, in agreement with the descriptive statistics results approaches the normal distribution for the short series. For risk measures we consider the ES, the TCE and the theoretical TCE for the Pearson type IV distribution which is (see Appendix),
divided by the VaR level a, where F(x) is the cumulative distribution function,
( )
and f(x) is the probability density function. The results for all time series are shown in the panels of Table 3 where we have included a new level of 99.99%. When it comes to practical implications a good coordination between the risk management group and the front office is required. The risk management group of a bank has to report the market-risk profile, the short term profit and loss volatilities via forecasting and the long term economic risk. In a recent survey McKinsey & Company and Solum Financial Partners (Mehta et al., 2012 ) conducted a survey on 13 large banks from Europe and North America, including nine of the 15 biggest European banks (measured by assets), two of the top ten North American banks and two regional banks and additionally drawn on information supplied by 9 other banks as part of their Pillar 3 requirements under Basel II (Mehta et al., 2012) . The findings of their survey regarding our work are as follows:
1 With respect to the time horizon range 40% is using one year equal weighting for historical VaR and a 45% uses multiyear equal weighting, with horizons from 2-5 years. There is a 20% using multiyear with weighting since the lower weight assign to the distant past makes it easier to stretch the look back period one more year.
2 The Monte Carlo method is computationally demanding. Across all banks the survey found that VaR run time ranges between 2 and 15 hours, while in stressed environments it can take much longer and sometimes it cannot be done in a timely manner. As a result, a significant amount three of nine banks made the change away from Monte Carlo to historical observations.
3 Regulators require backtesting on the 99th percentile however leading banks' models are designed to capture the potential for more extreme events. The range of the confidence intervals employed lies between 99.91 and 99.99% and banks with significant activity tent to use 99.98%.
Under these observations of the survey, we repeat the risk measures analysis considering only the historical data of the time series. The ES, the TCE and the VaR position are shown in Table 4 for both the long and short position for the selected quantiles. Bringing together our results, in agreement with the survey, the longer the period, the less sensitive the system is to large shocks while the shorter the period the more reactive the system is to even small shocks and this might be disturbing indicating false alarms. The advantage is that recent data are generally agreed to be more relevant for near-term projections and count more in this approach while longer horizons are more conservative and stable than the one year approach, but it is also less reactive. When it comes to risk measures if the time period encompasses a large shock this is affecting the ES and TCE especially at the high confidence levels, which might overestimate risk. If a high confidence level is desired, then small datasets may not have adequate strength to reveal this information and the usual NaN (not-a-number) is reported. Taking into account the computational issues of the Monte Carlo method, the theoretical TCE in distributions where it can be computed analytically, can provide a reasonable coherent measure of risk. The advantages are:
1 The parameters of the theoretical distribution are calculated via fitting an econometric model, which implies weighting, into historical data.
2 Since this is a continuous distribution it assigns, even with small probabilities, the possible existence of large shocks in the tail that are not present and in general they are not included in short time horizon datasets.
The typical drawback in such estimations is the accuracy of the fitted coefficients in the case of small datasets and the stability of the model.
Conclusions
In this work we have examined the theoretical TCE for the Pearson type IV distribution which is a coherent measure of risk. Taking into account how major banks handle their VaR models we have applied the risk measure into several backward time horizons of the Standards and Poor's SP500 index. The results indicate that the theoretical TCE might provide a reasonable coherent measure of risk avoiding the difficulties of the Monte Carlo and bootstrapping and the limitations imposed by the time horizon under consideration. VaR will probably be replaced by ES in future Basel regulations, but this actually brings the importance of VaR into attention, in the case of continuous distributions, for correct specification of ES requires proper positioning of the VaR level, which is the answer to the question which distribution describes better the data generation process.
